The present study introduces an advanced numerical solution of the socalled Gibilaro and Rowe (G-R) 
Introduction
Binary mixtures in fluidized beds represent the real situation in most industrial and power generation applications. The existence of two or more granular materials of different densities and/or of different sizes has a completely different view compared to mono density and size materials in the fluidization process. The phenomena of mixing and segregation of binary mixtures were experimentally examined in several studies. Recently, on the one hand, with the availability of high speed computational facilities; it becomes easier to simulate very complex phenomena with reliable accuracy. One-, two-and three-dimensional models were developed to give more descriptive information about mixing and segregation of binary mixtures. This information can help in scaling from pilot scale test-rig to real fluidized beds.
On the other hand, it requires, in addition to higher computational facilities, a long time for twoand three-dimensional simulations of multicomponent particulate solids in fluidized beds. This problem predicts the need for the improvement of the one-dimensional solutions in parallel to give a reasonable accuracy compared to 2D and 3D systems, especially when the study is focusing on a certain phenomenon, such as segregation. One of the best models describing the segregation phenomenon was established by Gibilaro and Rowe [1] . This model was constructed on the basis of the two-phase theory, i.e. considering the existence of the particulate material in the bulk and wake phases to indicate the interaction between the bed material and the fluidization bubbles as shown in Fig. 1 . The model described the movement of the jetsam particle (the material which tends to segregate to the bed bottom during fluidization [2] ) based on four essential mechanisms (see Fig. 1 ).
Fig. 1. Schematic diagram of segregation mechanisms of the G-R model [1]
Gibilaro and Rowe [1] proposed three different analytical solutions for their model equations, namely Case 1, Case 2, and Case 3. In each of them they neglected the effect of one of the four mechanisms responsible for the mixing and the segregation phenomena. For example, they disregarded the influence of axial dispersion in Case 2, compared to the exchange between the two phases. After this step, a lot of efforts were carried out to assign G-R model parameters to the physical variables corresponding to real operations, such as mixture composition, bed geometry, and fluidization velocity. Chiba and Kobayashi [3] , Chiba et al. [4] and Tanimoto et al. [5] elaborated mathematical approaches for estimating G-R model parameters. Their calculations were based on the segregation distance of jetsam created by single bubble passage as a function of particle size and density ratios of the mixture. In addition, these calculations also considered the fluidization bubble characteristics from correlations that were described earlier by Nicklin [6] and Kato and Wen [7] .
Naimer et al. [8] used these correlations to link the physical operation variables to the G-R model parameters in order to apply a general solution to a wide range of operating conditions. However, they could not find an estimation for an axial dispersion coefficient. Thus, they used the G-R solution which neglected the effect of axial mixing (Case 2) to simulate jetsam concentration in the fluidized bed. Nevertheless, their model showed limitations with higher total jetsam weight fractions (x j ≥ 0.5) due to axial dispersion of solids being ignored. It was reported by Garcia et al. [9] that the effect of axial mixing cannot be neglected. They used the Gibilaro and Rowe [1] analytical solutions (Case 1 and Case 3) that regarded axial dispersion mechanism, in their comparison, with experimental data. It was proven that the model can give a good agreement if a modified set of coefficient values is introduced in the process. But, it was not understood how to choose the suitable analytical solution (Case 1 or 2) in the absence of experimental data. The efforts of Hoffman and Romp [10] , and Hoffman et al. [11] showed that the model was able to give good predictions without requiring adjustable parameters if suitable correlations had been applied. Abanades et al. [12] , and Hartholt [13] used numerical solutions of the G-R model based on the initial boundary value problem, and the boundary value problem for slugging and bubbling bed, respectively. The last trial for the full numerical solution of the G-R model was done by Leaper et al. [14] . The test was accounting for all mechanisms responsible for mixing and segregation in the bubbling fluidized beds. But they applied their solution only on one set of experimental results, on their own measurements.
In general, the problem of using equations and correlations from literature to estimate the G-R model coefficient is that all the previous correlations have moderate accuracy in addition to the limited ranges based on the original experimental investigations. However, the G-R is a 1D model, therefore, it is very sensitive to the value of model coefficients. Thus, the objective of the present study is to improve the G-R full numerical solution model using experimental data by calibration. For this reason, a large set of experimental cases from the literature of different mixture compositions at a wide range of fluidization velocities (58 cases) has been utilized for model scaling.
Optimizing the Gibilaro -Rowe model

The Gibilaro -Rowe model
The Gibilaro and Rowe model (G-R) [1] was constructed based on the two-phase theory of Toomey and Johnstone [15] , which was originally derived by describing the solids movement in the fluidization process by the action of the rising bubbles. The bubbles circulate the solids by separating it into two phases. One portion of the solids is drawn to the upper layers of the bed with the bubbles (wake phase), and the rest is reacting to refill the volume which was occupied by the rising bubbles (bulk phase). The theory was applied to binary fluidized beds containing heavier particles of high density and/or size (jetsam) and lighter particles of small density and/or size (flotsam). The G-R model is based on the following assumptions:
 The space occupied by the bubbles is ignored.  The volumetric flow rate of solids is constant along all horizontal planes through the bed.  The amount of segregation occurring at any point is proportional to the jetsam concentration at that particular point.  The jetsam transport in the binary bed is caused by four mechanisms (see Fig. 1 ): axial mixing, axial segregation, circulation at the top and bottom of the bed, and exchange between the bulk and wake phases. Based on the above assumptions, jetsam balances can be formulated on a typical bed element of height dz for both phases considering all four above jetsam transport mechanisms. The differential equations derived from these two elemental balances become [1] :
where and are the jetsam concentration in the bulk and wake phases along the axial direction, respectively, and are further analytical parameters. They are defined in the paper setting up this theoretical model [1] , and their phenomenological essences can be summarized as follows:
 provides a measure of the rate of axial mixing relative to the rate of segregation as a fraction of volumetric flow rates,  is the ratio of the bulk/wake phase exchange volume flow rate and solid circulation volume flow rate, while  is the fraction of solid circulation volume flow rate and segregation volume flow rate. Consequently, the average volume and mass concentrations of jetsam can be calculated as follows [1] :
where is the volumetric fraction of all solids in the wake phase. Gibilaro and Rowe [1] made some mathematical simplifications for solving these differential equations analytically by ignoring one or two mechanisms in each case. In this way, they extracted three analytical solutions, namely Case 1, Case 2, and Case 3. In each of them they neglected one or two of the mechanisms responsible for the mixing/segregation phenomena. A brief overview and re-representation of these cases is given in Appendix A.
The Present Numerical Solution
We propose and introduce an overall numerical solution of Eq. (1) and (2) on the basis of the 4 th order Runge-Kutta method (initial boundary value problem, see Nakamura [16] ). The initial boundary values for the bulk and wake jetsam concentrations, as well as the bulk phase gradient at the bottom of the bed (Z=0), are estimated from equations (A5), (A6), and (A7) as in the G-R analytical solution (Case 3, Appendix A) as follows: (5) (6) where are the wake and bulk phases concentration at the bottom of the bed.
Model calibration
The model calibration procedure is shown in Fig. 2 . clarifying the sequence of the individual calculation steps. As visible, this is a loop of iteration in four variables, and it internally includes the numerical solving of the set of differential equations (1) and (2) . The variables of the external loop are the analytical parameters of the differential equations, and , the parameter of the algebraic equation (3) . It is to mention here that the goal of the current work is to calculate the best fitting values of these four free parameters of the G-R model. These parameters are strongly influenced by many physical parameters of the particular experimental setup (fluidization velocity, fluidization number, e.g.), however, formulating these dependencies is beyond the scope of the actual paper. This method uses the actual standard deviation value, which is defined as (7) where and are the numerical and experimental average jetsam concentration values at a given point, respectively; while n is the number of data points, the standard deviation would be calculated for. The vital role of using experimental data in identifying the optimum model coefficients is evident, and it is also clearly visible in this figure. The data were taken from a high number of available publications so that the best fit with true experiments could be reached, and the entire procedure could be verified. While a similar procedure of varying the analytical model parameters was carried out by Garcia et al. [9] , and although the fit found was very much appropriate in some cases, in several other cases only low accuracy could be reached.
An additional general problem of these approaches is that the experimental data are sometimes not fully available, consequently it cannot be decided whether the actual case is subject to the theoretical models of Case 1 or Case 3. This leads to the necessity of formulating a general and applicable full numerical solution that can be valid over a considerable range of operating conditions. The results of this general numerical model can be seen in the next section.
Results and outlook
The results of the calibration and validation procedure of the above model on all the published data found are summarized in Tab. 1. This table shows the set of model coefficients that fit best with the experimental data from literature for different mixture compositions and fluidization velocities. A useful overview of the results would be a systematic change of single parameters at a time, of course. It could be done on the model itself, but we always wanted to compare the calculated results with measured data. Because the big number of published experiments we are referring to were not carried out according to this logic, such a pure visualization of the effects cannot be done here. However, some effects of the most important experimental parameter changes can be well observed on the concentration profiles shown on figures 3-5 as follows. (For better visualization they could be put next to each other, however, we did not want to increase the length of this paper by such repeated representations of existing diagrams.) The effect of fluidization velocity can be observed by comparing subfigures #20 and #49 (of figs 3-5) e.g., which clearly show that an increased velocity results in an advanced mixing. The effect of particle size ratio d j /d f was studied before experimentally [17] and found to be an almost negligible influence compared to the particle density ratio ρ j/ ρ f , as clearly recognizable by comparing subfigures #32 and #20. A similarly negligible effect is the bed diameter, as visible by comparing the cases #32 and #33.
The versatility of the cases found and used for validating the present model can be further illustrated by mentioning that cases #20, #45, and #49 are characterized by high fluidization velocities, while case #3, #42, and #57 demonstrate the opposite end. The overall jetsam concentration in the selected cases range from 0.1 in #1 through 0.5 in #11 up to 0.75 in #45.
Throughout the numerical calibration process, it was observed that the present application of the G-R model is very sensitive to both model coefficients and initial values of the variables under numerical integration. Thus, better predictions can be achieved if more proper initial boundary conditions can be introduced, that is, better estimates for the initial bulk and wake volume fractions C B0 , C W0 and the initial bulk axial gradient dC B /dz│ 0 .
Fig. 2. Flow chart of the calibration procedure of the proposed model
As an outlook towards further development of the G-R model, its generalization can be mentioned. The main goal of the development is to find a general and applicable integration method realizing a link between the model parameters and the physical operational parameters. Fortunately, previous studies have clarified the influence of most of these parameters, such as fluidization velocity, mixture composition, and bed geometry. The problem faced is that, in many cases, some important parameters, such as bed aspect ratio, bed cross section, and minimum fluidization velocities have not clearly been given in the investigated publications. Moreover, calculating their estimated values on the basis of available geometrical data, densities, and other characteristics, is a rather difficult task. For example, we have tested three commonly used correlations on the basis of a paper [16] Load experimental data
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No the minimum fluidization velocity of two granular materials with both the measured u mf values and the data required by the predicting equations. Table 2 in Appendix B shows the predictions of each equation and the relative errors compared to their measured data. It is clear from this table that the absolute error of these correlations (ranging from -98% to +95%).makes them unreliable in the investigated cases, due to this absolutely vital parameter, the minimum fluidization velocity. Thus, the best way to overcome this problem seems to have our own measurements on the same bed material. Table 1 . G-R model coefficients of best fit with experimental data from literature
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Conclusions
In the present study, a full numerical solution of the Gibilaro -Rowe model was introduced and demonstrated. The model was calibrated by using a large set of experimental data from previously published works applicable for different bed compositions and fluidization velocities. The study also included comparisons with other theoretical models from literature, and the present model proved a significant step forward in the field.
The key improvements and benefits of the presented model compared to the available ones including the G-R model are the followings.
 It considers all four mechanisms described in the theoretical G-R model. (The analytical solutions always neglect some of them to make the integration possible.)  It contains an optimal parameter seeking procedure.  It is applicable for all mixing/segregation cases covered by wide parameter ranges.  It performs better in many cases -especially in the intermediate mixing/segregation cases. It was also observed that the G-R model accuracy is very sensitive to the model coefficients and the initial boundary conditions.
To make a more general and applicable solution in the future, a mathematical link between the model coefficient and the physical parameter should be established. The present study was an important step towards this purpose, and it became evident that the main obstacle, in most cases, was lying in the shortage of the descriptive conditions of the previously published works. For example, very few studies reported on the minimum fluidization velocity, even though this is a much important variable related to the model coefficient. Although there is a large number of existing studies on correlating equations for minimum fluidization velocity available, in general, in most cases they cannot be applied due to their high deviation. 
Nomenclature
Appendix A. Analytical Solution Cases of the G-R Model
To allow analytical solving of the Gibilaro and Rowe model equations (1-2) [1] , in some practical cases, they proposed a portion of mathematical simplifications by ignoring one or two mechanisms. A brief overview and re-representation of these cases is given in this appendix.
Case 1, Negligible axial mixing and phase exchange
Case 1A, Vigorous fluidization
In a vigorously fluidized system the influence of both axial mixing and phase exchange can be supposed to be negligible compared to circulation and segregation. In this case the jetsam concentration is as follows In this case, equation (1) is integrated, neglecting the effect of the axial mixing compared to the exchange between the two phases. Therefore, the jetsam distribution will be as follows [1] :
where is the circulation/segregation coefficient.
Case 3, The Effect of Axial Mixing in the Bulk Phase
By neglecting the exchange term , equation (1) is reduced to the following simplified differential equation 
